Lecture 2

2. PRINCIPLES OF CIRCUIT TOPOLOGY

2.1. Basic Topology Concepts

In circuit analysisis often used geometric representation of circuits.
Such representation is based on topology. Topology is the part of
mathematics that is referred to as graph theory. Topology studies the
properties of geometric figures not dependent on their size [1,4,5].
59 _ The basic topology concepts are: branch, node, path, loop, graph,
i tgg?édge, chord, and cross-section.
A branch is a subcircuit carrying the same current. Graphically, it is
represented by a line. Fig. 2.1 shows an electric circuit diagram. The
subcircuits with the resistances 1,7,73,74,75, 7 the EMF e, and the

current source j, are branches, ie. each subcircuit carries the same

current i, iy, i3 dy» Is5 Igs B> Ji respectively.




A node is a place where branches are connected. Graphically, it is
represented by a point. In Fig. 2.1 points /—4 and A are the nodes. An
eliminable node is the place where two branches connect because the
common branches carry the same current and they can be replaced by
one branch. The point A in Fig. 2.1 is an eliminable node because the
voltage source ¢; and resistance 7, carry the same current i, and these
elements can be represented by one branch. All the nodes of the
diagram, except one, are called independent.

A path is a set of branches connecting two nodes without branching.
In Fig. 2.1 the brunches e, —7,,% —1, 7 —7,,1 — 75 — 75,7 — 1, — 1, make
paths between nodes / and 2. The branches # —7, —7;, —#; do not make
a path because they have a branching in the sectionrz, —7; —7; .

— A loop is a closed path encompassing several branches. In Fig. 2.1

the branches 7 —e -nr-r, r-r—-r, nB—g-r—r,h—-rK"T
B—F—F—Fy, Ni—e—F—F—T, Iy—F—e —F—T, make loops. An
eliminable loop is a loop that includes a branch with an ideal current
source because the internal resistance of an ideal current source is
infinitely great, and, in terms of resistance, a branch with an ideal
current source is equivalent to a break. In addition, the current of an
ideal current source is a known and unvariable value. In Fig. 2.1, the
loop 7 — j; is eliminable.
z A graph is a geometric representation of
an electric circuit in which all circuit
branches are replaced by lines, and nodes are
replaced by points. Fig. 2.2 shows a graph of
the electric circuit in Fig.2.1. Here the
eliminable node A is excluded and the
elements e,7, make one branch i, of the
graph. The other branches are designated as
il’iS’iMissiﬁsjl s
The connected graph (or circuit connected
graph) is a graph that has a path between any of
its two nodes. The graph in Fig. 2.2 is a circuit-
connected graph. Excluding some graph branches produces a subgraph. The
subgraph in Fig. 2.2 is represented as a graph produced by excluding, for
example, branches i, j, and, thus, including only branches 5,4, i, .
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A graph tree is a subgraph of a circuit-connected graph that includes
all graph nodes but contains no loop. Some trees of the graph in Fig. 2.2
are shown in Fig. 2.3 (solid lines).

k iz\f ;

Fig. 2.3

Apparently, it is possible to build several trees for the given graph
because graph nodes can be connected in different ways. However, a
graph tree cannot include branches with an ideal current source for the
reason indicated earlier, i.e. when building a graph tree, any ideal
current source is replaced by a break.

Thus, the number of graph tree branches is one less than the number
of nodes, that is it equals the number of independent graph nodes.

An edge is a branch of a graph tree. In Fig. 2.3, a the branches
iy,iy,ds are edges. In Fig. 2.3, b the branches i,i; ~i; are defined as

edges. In Fig. 2.3, the branches i,.,i,,i; are edges.

A subgraph is called a complementary to a tree when it complements
a tree to a graph. Some tree complements (dotted lines) are shown in
Fig. 2.3.

A chord is a branch that does not belong to a tree. In Fig. 2.3, a the

branches 7,7, are chords of the tree made by the branches i,,i,,i ; in
Fig. 2.3, b the branches i,,i;,i; are the chords of the tree made by the
branches i,i,,%; . In Fig. 2.3, b?branches ii,iy,i; are the chords of the
tree made by the branches i,i;,i;. A branch made by jdeahthe ideal

current source j cannot be a chord. A loop is made by acfding a chord to
a tree. Such a loop is the main loop or an independent loop.
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In Fig. 2.3, a the main loops are i —i, —i,, i, =i —i, i, —i;—ig.In
Fig.2.3,b the main loops are i —i,—i,, §—4—i, i —is—i. In
Fig. 2.3, ¢ the main loops are i —i, =i, —i;, & —i;—is, i, —is—I;. The
number of main loops equals the number of graph tree chords.

A cross-section is a set of circuit-connected graph branches, the
elimination of which (but not the endings of the branch set) makes a
graph which is not a circuit connected one. In order;to, obtain a cross-
section we use a section line (or surface), while none “of the branches is
crossed twice. A line or a surface of a section divides a graph into two
parts. Fig.2.3,a shows the sections #—i,—i, §—i—i—is—i,
I —is —is —Il obtained by means of the section lines k—k, 1-1,
m—nm, respectwely Sections that include only one eElge of a selected tree

are called main or independent sections. Proceeding from the above-
mentioned sections, we can say that the sections k£ —k, m—m are the main

ones, i.e. the first of them includes only one edge i,, and the second —
only one edge i; of the graph tree. The section /—/ is not the main one
because it includes two edges i,is of the graph tree. In Fig 2.3,5 all
sections k,— 7 kl,l ll, m,—m, are the main ones, because each of them
includes only one edge hs 14 ,is of the graph tree, respectively.

2.2. Topological Matrices

For analytical description of electric circuit graphs and their storage
in computer memory in digital form, it is more convenient to represent
graphs in the form of topological matrices. There are incidence matrices
(node matrices), loop matrices and graph section matrices.

2.2.1. Incidence Matrices

It is said that if a node i is the end of a branch j, then they are
incident. Information contained in a directed graph can be fully
represented by a matrix called an incidence matrix (node matrix).

An nxb matrix is called an incidence matrix A4, that corresponds to

a directed graph with » nodes and b branches

4,= [a,j ] :
where @ is an element of the matrix 4,; a; =1 if the branch j is incident

to the node 7 and directed from the node; a; =—1 if the branch j is incident
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to the node 7 and directed to the node; a; =0 if the branch j is not incident

to the node i. For instance, we will obtain the matrix (2.1) for the directed

graph shown in Fig. 2.3, ¢. It’s clear from the matrix that the number of

non-zero elements in each line of the matrix 4, is equal to the number of

branches incident to the corresponding node. Each column contains only
A A branches

1 1 1 =1 & @ 0 0|, &, &
200 -1 0 1 1 0 1li, i, &, 7J
4,= O R
3] 0 0 1 0 -1 1 -1 Iy Is, Igs ]
4—1 O 0 —'1 0 —1 0 11: 143 16
—_

incident branches

two non-zero elements: “+1” and “~1” because each branch is incident
to two nodes and directed from one of them to the other. The sum of all
elements of each column and, consequently, the sum of all matrix 4,

lines is equal to zero, i.e. the matrix A, lines are linearly dependent.
Therefore, it’s possible to exclude any line of the matrix 4, without any
information loss. So, when the 4-th line is excluded in (2.1) we get:
b B kg
11T 1 -1 0 0 0 0
A4=2(0 -1 0 1 1 0 1
3]0 0 1 0 -1 1 -1

Matrix 4 is called a reduced incidence matrix.

2.2.2. The Loop Matrix

Topological matrices can be derived for circuit loops too.

B,=[s,],
where, b, are elements of the matrix B, . b, =1 if the branch ; is incident to
the loop 7 and coincides with the direction of loop path-tracing; ; =—1 ifthe

branch j is incident to the loop i and opposite to the direction of loop path
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tracing; b; =0 if the branch ; is not incident to the loop i. The loop matrix
B, corresponding to a directed graph with 7, loops and b branches refers
to a matrix 7, Xb . For instance, for the directed graph in Fig. 2.3, c we will

get the matrix (2.2) when loop path-tracing is clockwise. Here, the branch
of the current source j, is not used in the matrix because such a branch

does not form a separate loop as mentioned above. ;

It’s obvious that the parts of loops flet'used] in the matrix (2.2) are
linearly dependent. A loop that includes at least one branch not being
part of any other loops is linearly independent.

i &4 @ iy I Ig < branches
0 0~ - 4,
1= b= 5= s
18 =i =
1 0li— 4- §—- &k (22)
oli
1
1

g e | =10l =" 5= &
_O 0 0 _1 1 H |i4 b I‘s iﬁ
loops

For the planar circuits it’s easy to define the numbt?r of indc?pendegt
loops if we take these loops as meshes of the graph grid or “wmdovys A
So for the graph in Fig.2.3,c the loops will be the following:
i —iy —iy, i — iy —Is, iy —is —Ig. Then we get the submatrix B, from the
matrix B, . gy

-1 1 0 1505 10 il_ iz_ i4
B,=|0 -1 -1 0 =1.0fi,— &~ is.
0 200 Oims=l Bloistl

Iesoie— g
The matrix B, is called the matrix of the main loops.
For nonplanar circuits, it is difficult to define the number of dependent

loops from the number of “windows” in the graph. In this case, the T-graph

2

NP 72 o L b qepl iy
tree is used. A loop is formed by the connection of any chord to a tree. This
loop is called the main loop. The direction of main loop path-tracing is taken
as the chord direction. Thus, the number of the main loops is equal to the
number of chords of the selected graph tree. It is evident that it is equal to
b—n+1. So, the main loops for the tree in Fig. 2.3, b are formed by the
chords: chord j-loop #—i;—i, —i5, chord i,-loop #, —i, —i;, chord
s -loop i, —i5 —i;. Having arranged the edges in the lower columns, we get
the matrix of the main loops B for the graph with the tree in Fig. 2.3, b, ~

Tree chords

A
A T S A
1l =1 1'1 O 01z
B=|1 0 1,01 0Jj. (2.3)
0 -1 1.0 0 1]j
As seen from (2.3), any matrix B can be divided in the following way:
B=[B|1],
where matrix B, corresponds to the edges

i I, I; <«—edges

1 -1 1 i
By =|1 0 1 L.
0 -1 1 i
T chords

Matrix 1 is a unit matrix and corresponds to the chords

i I, i <—edges

—
Il
=T — R
o~ o
= =)
13

T chords

So, because the unit matrix is present in the matrix B, we can say
that the lines of the matrix B are linearly independent.
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2.2.3. The Section Matrix
Topological matrixes can be derlvbégi?for Egraph sections too.
A section matrix D, corresponding to a directed graph with n,
sections and b branches réfors' o 4 matrix n.xb.

D,=[dy],

a if

where d,;,. is an element of the matrix D,, d, =1, if the branch Jis
incident to the section 7 and coincides with the direction of the section;
dy =—1, if the branch j is incident to the section i and opposite to the
direction of the section; d; =0, if the branch ; is not incident to the

section 7. For instance, for the directed graph in Fig. 2.2- ¢ it is possible
to choose 7 sections: k—k, /-1, m—m, n—n, p—p, g~q, r—r.

Section directions are marked with arrows on the section lines. As a
result, we get a section matrix Lriee

hohohod 0 Ji ¢ branches

[ -1 -1 1 0 0o o o Jk—k
D 1 0 =1 -1 ¢ - -1
0 0 -1 o0 -1 Hi—m
D = L0 @ .1 0ol (0 lg—wn. (2.4)
0 1 -1 -1 0 -1 ¢ p—p
=1 0.1 =1 =1 0 -4 g-q
L 1 goles DeSBoct =0 - 4 |
T sections

It is obvious that some sections used in the matrix (2.4) are linearly
dependent. Only a section that includes at least one branch not being
part of any other section is considered to be linearly independent. The
number of independent sections, evidently, is equal to the number of
independent nodes. Therefore, it is possible to retain any three lines in
the matrix (2.4) without losing any information. So, having excluded the
first four lines, we get the matrix:
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i f2 Iy iy s is )

o1 -1 -1 0 -1 Oi{p-p
D,=-1 0 1 -1 -1 0 -l|g—q.

1 1 0 0 -1 1 -1|r—r

The matrix D, is called the base section matrix. A systematic
method of building the base section matrix involves the use of th;:1 tree.T
as in this case the base matrix will corre_spond .to the g.rapD m;ﬁlg
sections. Such a matrix is called the main S(?thOIl matrl?( t: :
directions of the main sections are taken accordl_ng to the d(;rtelf 10:11 gs
the corresponding edges of the graph tlree. So, having arranged the edg
in the lower columns, we get the matrix D:

edges the rest of the graph branches

ol 05§ L Iy

1 0 01 -1 0 0l r—p
D=(01 01 0 1 Oli.h~n (2.5)
0 0 d-1 -1 -1 1]
| T edges

One can see from (2.5) that any matrix D can be divided in the

following way:
D=[1|p, ],
where the unit matrix 1 corresponds to the edges
i, iy Iy - < edges

1 0 0}
=10 T O

0 0 1Ji

I edges

The matrix D, corresponds to the rest of the graph branches




Loi i Ji < the rest of the graph branches
-1 -1 0 0]
D=1 0 10 iy
-1 -1 -1 1
T edges

As the matrix D has the unit matrix in itself, we can say that the lines
of the matrix D are linearly independent.

Example 1

Draw a directed graph of the circuit (Fig. 2.4), choose one of the
trees of the graph and do for this tree the following:

R a) make a system of the main cross-

l:l 2 sections;

b) make a system of the main loops.
5 The graph of the electric circuit is
f\{\ i N s obtained by replacement of all branches of
£ N i ~ ] i the circuit with line scgments. The
resultant graph is shown in Fig. 2.5, a. If
directions are indicated on the branches,
Ly Ry Cy ——

the graph is directed (Fig. 2.5, b). Here and
l hereafter figures are used to number nodes

i and to mark currents in the branches. In
Fig‘ o Fig. 2.5, ¢ one of the possible graph trees is

T shown. In Fig. 2.5, d is depicted a system

of cross-sections with regard to the selected tree. The first section C, contains
only one (the first) branch of the tree and two chords — the fourth and the
sixth. Section C1 divides the graph into two parts. One part consists of the
branches i,, I, Is with nodes 1, 2, 4, and the other — only from node 3.
Cross-section C, contains only ore (the second) branch of the tree and two
chords — the fifth and the sixth. This section also divides the graph into two
parts. One part consists of the branches iy, &, i, with nodes 1, 3, 4, and the

other — only from node 2. The last cross section C; of this system of the
main cross sections contains only one (the third) branch and three chords —
the fourth, the fifth and the sixth. This cross-section divides the graph into
two parts.
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One part consists of the branch 4 with nodes 1 and 3, and the other —
the branch #, with nodes 2 and 4. Note that all sections differ from each other

by at least one branch, namely, the branch of the tree..
: i

Fig. 2.5

loops on the selected tree is built in the following
wa;h\(;fs );Sc;fln;nzfof thI?a chords (for example_, tl_le fouﬂl}ll) to thebiﬁgltleecsl
tree (Fig. 2.5, ¢). The result is a loop consisting of the tree e
i, &, and the chord i,. Then we add anothe_r.chord, f.or example, is.
The loop obtained as a result of such addition consists oi: ;]he tree
branches i,, i; and the chord i . The last loop of the .system 0 t. € main
loops on the selected tree is obtained by adding the sixth chord i. It;zt-e
that all paths are different from each other in at least one branch. This
branch is one of the chords — iy.
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Questions for self-checking

1. Gi iti i '
s 100‘: cti:efimtlgns of the mam_topological concepts (branch, node
kel » edge, chord, section). Specify the s :
ek Se concepts in the
2. State t i
Ga 1illeo(lgulses fc:ir constructing the matrix of incidences (nodes)
Ps, and the matrix of cross-sections. How are the maiI;

loop and its direct;
P -4 ection determined? . .
direction determined? d? How are the main section and its

Problems

1. Construct a A
in Fig. 2.6, graph of the electric circuit whose diagram is shown

R,

Fig. 2.6

2 C . .
onstruct a graph of the electric circuit for the incidence matrix:
=11 1 0 0 0 0 ¢ -

a=? L 000 g .1 g

0 0 -1 -1 1 ¢ ¢ g
0. 0 0-0 ;] 0
1 -1 1
3. Build several different :
. trees of th T .
system of main loops, corresponding to Zirl? [;:lec]en F18. 2.7. Poist o fhe

4. Derive i i
4 matrix of the main sectjons of the graph shown in

Fig. 2.7. Specify the tre
: g - ) :
branches 1, 2, 4,65, corresponding to this section and composed of
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Fig. 2.7
5. Derive a matrix of the main loops of the circuit using the initial

data of problem 4.

3. HARMONIC CURRENTS AND THEIR DESCRIPTION
USING COMPLEX NUMBERS

3.1. Harmonic Currents, Their Characteristics,
Basic Concepts and Definitions

Electric current can be direct (DC) and alternating (AC).

Direct refers to current the value of which does not change in time.

If the values of current are different in different instants of time, the
current is called alternating. An instantaneous current value is

designated as i(¢). In a similar way are designated an instantaneous
value of voltage u(¢), that of EMF e(¢) and others [6-8].
Periodic refers to AC for which the relation is observed:
i(t)=i(¢t+T),
where T is the period — minimum time interval after which the current

values begin to repeat themselves. T is measured in seconds (s).
The number of periods per second is called frequency f

1
fez

Frequency is measured in Hertz (Hz).




Angular frequency is determined by the expression
2n
O=2nf ="
/i

Angular frequency ; .
. ICy 1s measured in radians per second
A widespread kind of periodic AC js harmonic curren?ad/s}l

AL ES P> s
} f{-\’v’ CHD O no tt2 4

or

the value of @ forr=
From (3.1) and 3 2.) i
; 2) with @=( i i
wh)l; ithe3frlequency of DC is said to b:a- :(’]eugf):gl;l;odlreﬁ v
- ShO‘.VS a graph of the harmonic current (3.1)

m

2n

= harmoni > o
— the sunl:]gt? :;rent y Ctl)erlvatwe of any order of is harmonic ¢
2 Y number of harmonic ) urrent,
. cu -
1S harmonic current of the same frequ P rrents of a certain frequency
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3.2. The Effective and Mean Values of a Harmonic Current
The effective value of a harmonic current is its root-mean-square

value for the period
17, 15 2. 2
I=|=[i(t)dt = |=]I,sin’ (ot +y)dt =
Ty To
rl— 2(of +
== cos| X W)]dt= (3.3)
To 2

=T l-:r__l-fcos[z(m:w)]dt=—I'"—=0,7071,,,.
"\2r 2T V2

Squaring the left and right parts in (3.3) and multiplying them by a
resistance r we get
T
I*rT = [ (¢)rdt =w(T).
® .
From here we can see that the effective value of the harmonic
current [ is equal to the value of the direct current 7 that rgfe?ées the

same energy on the resistance r for a period 7 as the harmonic current.
The mean (half-period average) value of the harmonic current is

defined in the positive half-period

Ty T y
120 22 0
I, == [ i(f)dt== [ I sin(ot+y)dt=
Iy T v
T & S (3.4)
I.w
=ﬁ[—c:os(mt+\l’)] 0 = (—COS“+°°50)=£'”"“:0-637IM'
Tw £ 2T T

Analogical expressions for the effective and mean values can be

written for voltages and EMF
‘
U= Un _ 0,707U,; E . 0,707¥,,;
V2

NG

2U, =0,637U,; E,, 2o =0,637F,,.
T T

U, =
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It’s obvious from (3.3), (3.4) that

3.3. Harmonic Current Representation by Means
of Complex Values

It is known that any complex number

A=a+ Jjb (3.5
can be represented on a complex plane as a point. The complex plane
can be represented as a Cartesian (rectangular) coordinate system in
which the real part of the complex number Re 4 = a is plotted on the x-
axis; and its imaginary part Im A = b — on the y-axis (Fig 3.2).

The complex number representation (3.5) is called algebraic. From
Fig. 3.2 it follows

Ad=Na’+p*, 0€=atané,
a
a=Acost, b= Asino
T Im that’s why

A = Acoso.+ jdsino.

Such representation of a complex number is
called trigonometric.

According to Euler’s formula:
5 cosOL + jsinal = e’ . (3.6)
Therefore,

Fig3.2

A = 46", G.7)
It is the exponential representation.
It is obvious that using (3.6) and (3.7) we can write:

ey - 1,,cos(@t+y) + 1, sin ( ory) ;

Re[lmé(w”"') ] =1I,cos( ot +y) (3.8)
(3.8) describes the cosinusoidal current of (3.5), but the imaginary part
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Im[lmef("’”w:l = I sin (ot +y)

ibes the sinusoidal current of (3.4).
des?lflllzzs a harmonic current can be represepted by a complex numbftz)l;:
that is ;he sinusoidal (3.4) and cosinusoidal (3:?} currents can
represented by a single complex number

Im[Ime"(m”“’) :I =1 sin(ot+y). = Dy/#)

The value I () is called the complex instantaneous harmonic
m ) )
current. [t can be rewritten in the following way:

I (1)=1 /) = | oMVl = I:,,,ef"”.
The value
In=1el" (3.9)

is called the complex amplitude of a current. The complex effective
value of a current is written as

.'[ = I »‘\e"’w .

The function ¢’ is called the rotation operator. It shows that the z;ngle

(phase) 6 =wf +V increases as time ¢ increases, and the vector /,,(¢) hasa
p =4k . .
counter-clockwise rotation round the point 0 on the complex plane

As a result, the harmonic currents i(r)=1I,sin(@z+y) or

i(t)=1I,cos(wr+y) on the complex plane are defined completely by

the complex amplitude [ .

The value }m is called the image and i(f) — the original of a
harmonic current. . ) N
aIT?h'a image in terms of the complex amplitude 7, from the original

. oot
in terms of the real value i(#) is obtained from the formula of the dire
K-conversion.

K[f(r)]=%11(t)e“f°"a’:. (3.10)

s}

So, from (3.10), for the harmonic current (3 5) we get:

37



A T gt
e/ dr = &’-[I /Odi + [e” (2“""")dt] =
T b 0

L Te,-q(/__l_[ oI _ iy ]} oy glv
i 2jm "’

which corresponds to (3.9). : ]
The original — a real harmonic function i(f) — is obtained from 1ts

image X [i (¢ ):| = I:,, =1 e’¥ by the formula of the mverse
K-conversion
i(t) %(I'm e’ +£fn\e‘f‘°'],
where
}/\:] eV (3.11)
is the complex conjugate amplitude of the current. Thus, from (3.11),
for the complex amplitude (3.9) we get:
: 1 PEis it 20 GIRR
i(r) =5(Ime”’e“'°” +I,e Vg™ ) =
o/ (V) 4 pmi(ety)
m 3 2

which corresponds to (3.ﬁ/).
The original and the image are related as

=] =1, cos(0t+V),

i(t)= L
Let us determine the image of the derivative of the harmonic current.
Let i(#) be defined by (3.5). Then

dl (t) _ a’[Imcor:;mt +\lf)] = — I, sin (0f + ). (3.12)
dit t

Applying the direct K-conversion (3.10) to (3.12) we get:
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ditt) | _27% - - jo
K[j—}:;{[—mfmsm(mﬁw)]e M dt =

2w, T QoY) e (L) 2l

T i
e/t =" [ [e¥dr- je*f(“"*‘”d:} =

T o 2j JT° Lo 0
J2ry | oge V[ —janeyy _ iy ol e ol
S —5}5[6 =e M Jp=jol,e ¥ joln.

Hence, taking the derivative of the original in the real form is
equivalent to complex image multiplication by the imaginary frequency
_Jjw. It is obvious that

.2 i
K|idl gt)i| = jmjmfm = (Jm)z I"’ .
dt
'And for the derivative of the #" order:

diﬂ(t) - ny
K[—dtn j|-(](0) i.

Determine the image of the integral of a harmonic current. Let i(7) be
defined by (3 .?). Then

0

j’i(‘r)d'r = j]m cos(WT+Y)dT= JrE’"[sin(oot +y)—siny]. (3.13)
0

Applying the direct K-conversion (3.10) to (3.13) we get:

t T
K {ji(m)a”r} . | L”—[sin((m +y)—siny|e/dr =
0 Tow

0

' o |i?‘ eJ'(“’”‘I’) — g~ (i)

T
e /dt —siny e ®ds |=
0 2j \q }

[ 1. e T
i —| [eMVdt—[e ! ""“"’dt}—sinqr]’e‘f‘“'dt =
T (2] 0 0

=i"-—eNT _____“li_mefllf :""]""'}m a

2m jo ' jo
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Thus, taking the integral of the original in the real form is equivalent
to dividing the complex image by the imaginary frequency jo. It is

obvious that
2
ts , .
K[”i('r)d'c]=—_1——ll-fm =[—1——] In.
00 _]C!) Jj Jw

And for an n-fold integral

n



